Motivated by the physiological problem of pulmonary airway reopening, we study the steady propagation of an air finger into a buckled elastic tube, initially filled with viscous fluid. The system is modelled using geometrically non-linear, Kirchhoff-Love shell theory, coupled to the free-surface Navier-Stokes equations. The resulting three-dimensional, fluid-structure-interaction problem is solved numerically by a fully-coupled finite element method. Our study focuses on the effects of fluid inertia, which has been neglected in most previous studies. The importance of inertial forces is characterised by the ratio of the Reynolds and capillary numbers, Re/Ca, a material parameter. Fluid inertia has a significant effect on the system's behaviour, even at relatively small values of Re/Ca. In particular, compared to the case of zero Reynolds number, fluid inertia causes a significant increase in the pressure required to drive the air finger at a given speed.
Introduction
The pulmonary airways are elastic vessels lined by a thin liquid film. Such vessels are susceptible to a fluid-elastic instability that can lead to their collapse and occlusion by the liquid in the film, which redistributes to form a liquid bridge [1] [2] [3] [4] [5] [6] [7] . If the airways remain occluded for significant periods of time then gas exchange will be severely impaired with potentially fatal consequences. The reopening of collapsed airways is believed to occur via the propagation of an air finger into the lungs [8] . The aim of any treatment is to ensure that the propagating air finger clears the liquid blockage and reopens the airways as quickly as possible, but without damaging the lungs. Consequently, the primary aim of theoretical and experimental studies is to determine the propagation speed of the air finger, U , as a function of the applied bubble pressure, p * b . The first experimental study of the problem was performed by Gaver et al. [8] , who investigated the propagation of an air finger into a strongly-buckled, thin-walled, polyethylene tube, filled with a high-viscosity oil. The large aspect ratio of the collapsed tube's cross sections motivated the development of a two-dimensional model: a semi-infinite bubble propagating into a fluid-filled, elastic-walled channel [9] . The behaviour of the two-dimensional system was later found to be qualitatively similar to that of a threedimensional model of steady airway reopening developed by Hazel & Heil [10] .
The structure of the p * b -U curve was first established by Gaver et al. [9] , who found a generic two-branch behaviour. This behaviour also occurs in the 3D model, as shown in Fig. 1 . At high speeds, the physically expected behaviour is observed and an increase in bubble pressure causes an increase in propagation speed. In this regime, termed the 'peeling' branch, the tip of the bubble is close to the tube walls and appears to 'peel' them apart; see inset in Fig. 1 . At low speeds, the behaviour changes and a decrease in bubble pressure is required to increase the propagation speed of the air finger. In this regime, termed the 'pushing' branch, a large volume of fluid is 'pushed' ahead of the bubble tip, now located far from the tube walls; see second inset in Fig. 1 . The 'pushing' branch is likely to be unstable if the flow is driven by a prescribed pressure; see Halpern et al. [11] for an analysis of this issue in the 2D model problem. For the two-dimensional model, Gaver et al. [9] showed that the existence of the 'pushing' branch can be deduced from conservation of mass and the fact that the film thickness behind the bubble tends to zero as the propagation speed tends to zero. Hazel & Heil [10] recognised that the same arguments also apply in three dimensions and, hence, developed an asymptotic model for the 'pushing' branch, the results of which are shown as the dashed line in Fig. 1 . From a clinical point of view, the most interesting result is the prediction of a minimum pressure, p * min , where the two branches connect and below which there are no steady solutions.
Extensions to the two-dimensional airway-reopening model have included studies of the effects of surfactant [12, 13] ; the effects of wall permeability [14] and an asymptotic model of the 2D 'peeling' branch [15] . The above-mentioned studies all neglected fluid inertia, an approximation thought to be justified by the small values of the Reynolds number in the small airways. However, Heil [16] showed that in the two-dimensional problem fluid inertia can have a surprisingly large effect even at low values of the Reynolds number. It is not clear, a priori, that the effects of fluid inertia will be the same in the two-and three-dimensional systems, and so the aim of the present paper is to analyse the effect of fluid inertia in three-dimensional airway reopening.
The Model
Following Hazel & Heil [10] , we model airway reopening as the steady propagation of an inviscid air finger into a buckled, elastic tube containing an incompressible, Newtonian liquid of viscosity µ, density ρ and a constant surface tension, σ * , at the air-liquid interface. The internal pressure of the air finger is p * b and its propagation speed is U . The tube has an undeformed radius R, wall thickness h, Young's modulus E, Poisson's ratio, ν and the cross-sectional area of the tube far ahead of the air finger is A * ∞ . There are four dimensionless parameters governing the system:
where
is the bending modulus of the tube. Ca, the capillary number, is the ratio of viscous to surface-tension forces; Re, the Reynolds number, is the ratio of inertial to viscous forces; σ is the dimensionless surface tension, which represents the ratio of surface-tension forces to the tube's bending stiffness; and A ∞ is the dimensionless cross-sectional area and is a measure of the initial degree of collapse of the tube.
We formulate the problem in Cartesian coordinates, x = (x 1 , x 2 , x 3 ) = x * /R, and choose R as the characteristic lengthscale. An asterisk is used throughout this paper to distinguish dimensional quantities from their dimensionless equivalents. U is chosen to be the fluid velocity scale, u = u * /U and the fluid pressure is non-dimensionalised on the viscous scale, p = p * /(µU/R). In a moving frame of reference, in which the bubble tip is fixed at the origin, the fluid motion is governed by the dimensionless, steady Navier-Stokes equations:
and the continuity equation
where i, j = 1, 2, 3 and the Einstein summation convention is used.
The boundary conditions at the free surface are the non-penetration condition
and the dynamic (traction) boundary condition,
Here n is the unit normal to the free surface (directed out of the fluid), κ = κ * R is the dimensionless curvature of the surface and p b = p * b /(µU/R) is the dimensionless internal bubble pressure.
The behaviour of the elastic tube is described by geometrically non-linear KirchhoffLove shell theory. We use Lagrangian co-ordinates, ζ α = ζ * α /R, α = 1, 2 to parameterise the shell's midplane and the location of the undeformed midplane in the moving frame of reference is given by r = (cos(ζ 2 ), sin(ζ 2 ), ζ 1 ). The deformation of the tube is specified by a displacement field, v, and the position of the deformed midplane is thus R = r + v.
In the present system, there are large bending deformations, but the strains remain small, and hence we use a linear constitutive equation (Hooke's law). The principle of virtual displacements, which describes the shell's deformation, is then
where the Einstein summation convention is again used and the Greek indices take the values α = 1, 2. E αβγδ is the plane stress stiffness tensor, non-dimensionalised by Young's modulus; A is the determinant of the covariant metric tensor of the deformed midplane; f = f * /K is the traction per unit area of the deformed midplane; finally, γ αβ and κ αβ are tensors quantifying the stretching and bending, respectively; see Hazel & Heil [10] .
The interaction between the fluid and the elastic shell is imposed via two equations. Firstly, the no-slip boundary condition implies that the fluid velocity on the tube wall must be the same as the local wall velocity, and, in the moving frame of reference,
on the tube walls.
Secondly, the fluid exerts a traction on the shell, and the load terms in the solid equations (5) are given by
where N is the (inward) normal to the deformed shell midplane and
The weak form of the Navier-Stokes equations and the variational equations for the shell were discretised by finite elements. Within each fluid element, tri-quadratic basis functions were used to interpolate the fluid velocity components and the pressure was approximated by tri-linear functions [17] . Solid displacements and their derivatives were approximated using Hermite polynomials [18] . The position of the nodes in the fluid mesh were adjusted in response to changes in the free surface position and wall displacement via a generalisation of Kistler & Scriven's "Method of Spines" [19] .
The computational domain was truncated at finite distances ahead and behind the bubble tip, where the axial gradients of the transverse wall displacements were set to zero. A long-wavelength approximation (lubrication theory) was used to determine the axial fluid velocities, subject to the constraint that the axial flowrate equals A ∞ , and the results were applied as Dirichlet conditions at the ends of the domain. Traction-free boundary conditions were applied in the transverse directions and rigid body motions were suppressed by fixing the axial position of the end of the tube far behind the bubble tip. Finally, symmetry was imposed in the planes x 1 = 0 and x 2 = 0, and the computational domain was restricted to positive values of the transverse coordinates, x 1 ≥ 0, x 2 ≥ 0 and ζ 2 ∈ [0, π/2]. The system of non-linear algebraic equations was solved using a Newton-Raphson method and a frontal scheme [20] was used to assemble and solve the resulting linear systems. For a typical initial guess, the residuals are of O(1) and the Newton iteration was deemed to have converged when the absolute value of the largest residual was less than 10 −8 . The results at Re = 0 from Hazel & Heil's study [10] were used as initial conditions and then Re was increased incrementally. Further details of the formulation and validation of the solvers may be found in references [10, 21] . The spatial convergence of the results was assessed by repeating selected studies with higher spatial resolution; see 
Numerical Results
Throughout this paper we used a Poisson's ratio of ν = 0.49 to reflect the near-incompressibility of lung tissue, and set the wall thickness to h/R = 1/20, close to the upper limit of applicability of thin-shell theory. The external (pleural) pressure was set to zero, P (ext) = 0, and hence the fluid pressure is negative in regions where the tube is compressed. The default value for the tube's cross-sectional area far ahead of the air finger is A ∞ = 0.373, which corresponds to maximum inward radial displacement of 80% of the tube's undeformed radius and unless otherwise stated we used a non-dimensional surface tension of σ = 1. 
Effects of fluid inertia
In any experimental setup, consisting of a given working fluid and a given elastic tube, σ will be constant, as will the ratio Re/Ca = ρRσ * /µ 2 , which depends only upon material parameters and not the bubble speed U . We shall, therefore, assess the effects of fluid inertia on the system by examining curves of bubble pressure versus propagation speed for fixed values of the ratio Re/Ca, rather than for fixed values of Re. These curves correspond to experiments in which the speed of the the air finger is increased, for example, by increasing the flowrate, but all other physical parameters remain constant. Fig. 2(a) shows such curves for σ = 1, A ∞ = 0.373 and for Re/Ca = 0, 1, 5 and 10.
Representative tube shapes and pressure distributions at a capillary number of Ca = 4 are shown in Fig. 3 for Re/Ca = 0 and Re/Ca = 10. The results indicate that even relatively weak fluid inertia has a very strong effect on the system's behaviour. In particular, Fig. 2(a) shows that, compared to the case of zero Reynolds number, much larger bubble pressures are required to drive the air finger at a given capillary number. Inertial effects become more pronounced as Ca increases, owing to the corresponding increase in Re = Constant × Ca. Conversely, at small values of Ca, and hence Re, inertial effects become negligible and Hazel & Heil's 'pushing' model [10] provides a good approximation for the system's behaviour at all values of Re/Ca. These results are qualitatively similar to those of Heil's [16] two-dimensional model, which also predicted that increasing Re/Ca leads to an increase in the bubble pressure at a fixed Ca. The two-and three-dimensional systems are, of course, very different and it is not possible to make a direct comparison between the two sets of results. Fig. 3 demonstrates that the presence of fluid inertia also leads to significant changes in the wall and interface shapes. At zero Reynolds number, a region of low pressure develops ahead of the finger tip, leading to a local minimum in the tube's cross sectional area. Similar wall shapes have been observed in two-dimensional models, in which the resulting 'neck' ahead of the finger tip can be identified as the first minimum of a damped oscillatory eigenfunction for the wall displacement field (see, e.g., [9, 22] ). At finite Reynolds number, the amplitude of the oscillatory wall displacement field increases and the subsequent maxima and minima of the cross sectional area (and the associated variations in fluid pressure) become clearly noticeable. This behaviour is consistent with the Bernoulli effect: in the more strongly collapsed cross sections, the fluid velocity increases and, in the presence of fluid inertia, the local fluid pressure is reduced. The reduced fluid pressure causes an increase in the local wall compression, increasing the amplitude of the oscillatory wall displacement field. In addition to the changes in the wall shape, an increase in Reynolds number causes the air-liquid interface to move further away from the tube wall (see also Fig. 5, below) .
The increase in the amplitude of the oscillatory wall displacement field and the movement of the air-liquid interface both lead to an increase in the size of the region in which the fluid velocity is spatially non-uniform (in the moving frame of reference the fluid has a uniform velocity far ahead and far behind the bubble tip). Hence the changes in the shape of the fluid domain induced by fluid inertia lead to an increase in the viscous dissipation in the system; see Fig 2(b) . The dimensionless total viscous dissipation, Φ, is defined by
and the non-dimensionalisation is consistent with the capillary pressure scale used in Fig.  2(a) . If the viscous dissipation increases, then the total energy input into the system per unit time must also increase, which requires an increase in the driving bubble pressure. Note that increasing the bubble pressure also causes an increase in tube's cross-sectional area far behind the bubble tip, which can release stored elastic energy if the tube is partially collapsed in this region. Conversely, if the tube is inflated behind the bubble tip, part of the additional energy provided by increasing the bubble pressure is converted into elastic energy stored in the strained tube. In either case, the net effect of an increase in viscous dissipation is to cause an increase in the bubble pressure, p b , required to drive the air finger at a given speed. The changes to the wall shape caused by the Bernoulli effect are likely to be responsible for the rapid increase in bubble pressure with the capillary number. An increase in bubble speed amplifies the Bernoulli effect and thus causes an even stronger compression of the tube wall in the region ahead of the finger tip. Ultimately, the strong feedback between fluid velocity, fluid pressure and wall shape can lead to 'flow limitation', where the velocity cannot exceed a critical value: a phenomenon well-known in collapsible tube theory [23] . The onset of 'flow limitation' may be observed in Fig. 2 where the slope of the Re/Ca = 10 curve increases very rapidly with Ca. 
Effect of the initial degree of collapse, A ∞
Hazel & Heil's study [10] showed that the tube's degree of collapse far ahead of the bubble tip, characterised by A ∞ , is an important parameter in the problem. They found that, at zero Reynolds number, "it is easier to reopen a more strongly buckled tube"; see Fig. 4(a) . The explanation for this behaviour was again based on an examination of the viscous dissipation in the system. If the tube's cross sectional area far ahead of the finger is increased then a larger volume of fluid needs to be redistributed per unit time. Consequently, a larger bubble pressure is required to drive the air finger at a given Ca. Fig. 4(b) indicates that at finite Reynolds number, the same trends are observed and further that the influence of fluid inertia is more pronounced at larger values of A ∞ . For example, an increase of Re/Ca from 0 to 1 causes an increase of ≈ 0.2 in p min for A ∞ = 0.373, but the increase is ≈ 20 when A ∞ = 0.45.
To explain this behaviour, Fig. 5 shows the shapes of the tube wall and the air-liquid interface in the axial plane x 1 = 0 at Ca = 6 for A ∞ = 0.373, 0.41, 0.45 at Re/Ca = 0 (dashed) and 1 (solid). The figure shows that for a given increase in Re/Ca, the changes in the wall shape are more dramatic at higher A ∞ . In particular, for A ∞ = 0.45 the increase in the distance between the air-liquid interface and the tube wall is more pronounced than for the more strongly collapsed tubes. These changes in wall shape are consistent with the greater relative changes in bubble pressure with Re/Ca for less strongly collapsed tubes, although the precise details of the mechanism responsible for this behaviour are unclear. Nevertheless, the net effect of fluid inertia is to cause an increase in the total viscous dissipation, which causes a corresponding increase in the bubble pressure at a given Ca.
The non-axisymmetry of the deposited film
In the transition region between the collapsed and reopened parts of the tube, both the tube wall and the air-liquid interface are strongly non-axisymmetric; see Fig. 3 . In the region behind the finger tip the non-axisymmetry of the air-liquid interface generates surface tension forces that drive the fluid towards a configuration in which the air-liquid interface is axisymmetric. Furthermore, in the three cases shown in Fig. 5 the bubble pressure, p b , is so large that the wall is subject to a positive transmural pressure so that the tube is inflated. Hence, at large distances behind the finger tip, both the tube wall and the air-liquid interface approach axisymmetric shapes. Hazel & Heil's study of the propagation of air fingers into rigid-walled, fluid-filled tubes of non-circular cross-section [21] demonstrated that, at large capillary numbers, the evolution towards an axisymmetric air-liquid interface occurs over very large axial distances. The plots of the wall and air-liquid interface shapes in the cross-sectional planes x 3 = 4, shown in Fig. 6 , show the same phenomenon in the present problem. In all cases, the airliquid interface remains strongly non-axisymmetric for considerable distances behind the bubble tip. The non-axisymmetry persists further at smaller values of A ∞ because a reduction in A ∞ reduces the thickness of the film that is deposited on the tube wall. Thinner films offer a larger viscous resistance to the surface-tension-driven azimuthal flows that redistribute the fluid in the liquid lining towards its axisymmetric equilibrium configuration. As a result, the azimuthal redistribution of fluid occurs over larger axial distances. Fig. 6 shows that an increase in Re/Ca reduces the non-axisymmetry of the air-liquid interface; this effect is enhanced at larger values of A ∞ . For instance, for A ∞ = 0.373, an increase in Re/Ca from 0 to 1 reduces the ratio of the maximum and minimum radii of the air-liquid interface in the cross-sectional plane x 3 = 4 from r max /r min = 1.31 to 1.29; at A ∞ = 0.45 the same increase in Re/Ca changes the ratio from 1.18 to 1.07.
Discussion
We have shown that fluid inertia can have a surprisingly strong effect on the pressure required to reopen a collapsed, fluid-filled airway by a steadily propagating air finger. The results obtained from our 3D computations are qualitatively similar to those reported in reference [16] where a simpler 2D model problem was considered. In both systems, fluid inertia primarily causes changes to the wall and interface shapes that increase the total viscous dissipation and, therefore, increase the bubble pressure, p b , required to drive the air finger at a given speed. Hence, models that neglect fluid inertia will underpredict the value of p b .
The relative importance of fluid inertia is governed by the ratio of Reynolds and capillary numbers, Re/Ca = ρRσ/µ 2 , a material parameter. The values of Re/Ca considered in the present study are appropriate for typical "benchtop" airway reopening experiments (see reference [16] we obtain a much larger value of Re/Ca = 5000. This suggests that inertial effects are likely to play an important role during pulmonary airway reopening. Although our 3D model presents a considerable improvement over previous 2D models, it is still an extreme simplification of the conditions in the pulmonary airways. For instance, our model ignores the complicated multi-layer structure of the airway wall and the external tethering provided by the parenchyma. In addition, we assumed a constant value for the surface tension, σ * , whereas the spatially non-uniform distribution of pulmonary surfactant in the lung leads to spatial variations in surface tension along the air-liquid interface. Most of these effects could easily be incorporated into our model -at the cost of a significant increase in the number of control parameters. The effect of surfactant on airway reopening has so far only been analysed in the context of 2D model problems (e.g. [12, 13] ). We expect that the pronounced non-axisymmetry of the air-liquid interface and the resulting, surface-tension-driven azimuthal flows in the region behind the finger tip, documented in Fig. 6 , may have a strong effect on (and be strongly affected by) the surfactant transport.
We believe that the most significant shortcoming of the present model is the assumption that the air finger propagates steadily. If airway reopening is driven by a prescribed pressure and if the "pushing branch" is indeed unstable under these conditions (as suggested by Halpern et al.'s analysis of the corresponding 2D system, [11] ), then steady reopening would require capillary numbers of at least Ca ≈ 0.5 (see Figs. 2 and 4) . Based on the above parameter estimates, this capillary number corresponds to a dimensional propagation speed of U = 10 m/sec, suggesting that the reopening process is likely to be dominated by transient, unsteady effects as the air finger proceeds rapidly through the multiple bifurcations of the pulmonary tree. Alternatively, if the process is intrinsically unsteady, reopening could occur at much slower speeds with bubble pressures below the minimum pressure, p min , required for the steady reopening.
